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Abstract
Let R be a 'nite-dimensional algebra over an algebraically closed 'eld K . One of the main
aims of this paper is to prove that if the algebra R is loop-'nite or R is strongly simply
connected then the following three conditions are equivalent: (a) the algebra R is of in'nite
representation type, (b) the category mod(R) of 'nitely generated right R-modules contains a full
and exact subcategory equivalent with the category of Kronecker modules, (c) every K-algebra
A is isomorphic to a K-algebra of the form EndR(X ), where X is a right R-module. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: Primary 16S50; 16G60; 15A21; secondary 16D90; 16G20
1. Introduction
Throughout this paper we suppose that K is a 'eld and R is an artin algebra, that
is, R is an artinian ring that is 'nitely generated as a module over its center Z(R)
which is a commutative artinian ring (see [3]). We 'x a commutative artinian subring
S of the center Z(R) of R such that R is a 'nitely generated S-module. We denote by
Mod(R) the category of all right R-modules and by mod(R) the full subcategory of
Mod(R) consisting of 'nitely generated R-modules. The Jacobson radical of a ring 
will be denoted by J (). We recall that R is said to be of 'nite representation type if
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the number of the isomorphism classes of indecomposable modules in mod(R) is 'nite
(see [3,34]).
Following Corner [9–11], we consider the following endomorphism algebra realiza-
tion problem for S-algebras (see also [8,13,27]).
Problem 1.1. Let R be an artinian ring of in'nite representation type that is 'nitely
generated as a module over a commutative artinian subring S of the center Z(R) of R.
Does every S-algebra A admit an S-algebra isomorphism A ∼= EndR(X ); where X is a
right R-module?
The problem was successfully studied in [30] for hereditary algebras, and in [8,13,15
–18,24], mainly for incidence K-algebras R=KI of 'nite posets I , in case S =K is a
'eld.
It was observed in [17] that in many interesting situations Problem 1:1 reduces to
the existence of a fully faithful S-linear embedding mod2(S) → mod(R) studied in
[36,37], where
2(S) =
(
S S2
0 S
)
(1.1)
is the Kronecker S-algebra (see [3,29,34]). We recall that the category Mod(2(S)) of
Kronecker right S-modules X can be identi'ed with the category of S-linear represen-
tations of the Kronecker quiver •  • (see [29,34]).
In [18,30] the Problem 1:1 was solved in the aIrmative for S=K and the Kronecker
K-algebra R= 2(K).
We note that if R is an artin algebra of 'nite representation type then Problem 1:1
has no positive solution, because in this case every module X in Mod(R) is a direct
sum of 'nitely generated modules (see [31–33]) and therefore according to [26] the
endomorphism S-algebra EX = EndR(X ) of any R-module X is F-semiperfect in the
sense that EX =J (EX ) is a von Neumann regular ring and idempotents can be lifted
modulo the Jacobson radical J (EX ) of EX .
Consequently, if R is an artin algebra for which Problem 1:1 has a positive solution
then R needs to be of in'nite representation type as it is supposed in (1.1). It turns
out that for some large classes of algebras R the converse implication holds.
One of our main results of this paper is the following theorem solving the Problem
1:1 in the aIrmative for the following two important classes of K-algebras R:
(i) loop-'nite K-algebras de'ned in Section 2, and
(ii) strongly simply connected K-algebras de'ned in Section 3,
in case S = K is an algebraically closed 'eld.
Theorem 1.2. Assume that K is an algebraically closed 1eld and R is a 1nite dimen-
sional K-algebra which is loop-1nite (see Section 2) or is strongly simply connected
(see Section 3). The following four conditions are equivalent:
(a) The K-algebra R is of in1nite representation type.
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(b) There exist modules U; V in the category mod(R) such that EndR(U ) ∼= K ,
EndR(V ) ∼= K , HomR(U; V ) = 0, HomR(V;U ) = 0 and dimK Ext1R(U; V )¿ 2.
(c) The category Mod(R) of right R-modules contains a full and exact subcategory
equivalent with the category Mod2(K) of Kronecker modules such that mod2(K)
embeds into mod(R), where 2(K) is the Kronecker K-algebra.
(d) Every K-algebra A is isomorphic to a K-algebra of the form EndR(X ), where
X is a right R-module.
It follows that every representation-in'nite K-algebra that is loop-'nite or strongly
simply connected is Endo-Wild in the sense of De'nition 5.1.
The proof of Theorem 1.2 is given in Section 4 and it essentially depends on [18,
Theorem 1.2] as well as on the embedding technique developed in [36,37]. In the
loop-'nite case we apply Theorem 2.1 on the existence of fully faithful embeddings
of minimal tame hereditary module categories into the category mod(R) for arbitrary
artin algebras R. The proof in case R is a strongly simply connected K-algebra applies
Theorem 3.1.
In connection with Problem 1:1, we 'nish the paper by a brief discussion of Corner’s
type K-algebras, endo-wild K-algebras, wild K-algebras and fully wild K-algebras. Two
open problems are formulated in Section 5.
Throughout this paper we use the standard representation theory terminology and
notation introduced in [3,29,34]. In particular, we call an artinian ring R basic, if
R=J (R) is a product of division rings.
2. Loop-nite algebras and embeddings of minimal tame hereditary module categories
Throughout this section R is a basic artin algebra. We denote by (mod(R)) the
Auslander–Reiten quiver of R (see [3,34]).
We recall from [3,34] that the Jacobson radical of mod(R) is the two-sided ideal
radR=rad(mod(R)) of the category mod(R) generated by all non-isomorphisms between
indecomposable R-modules. The in1nite radical rad∞R = rad
∞(mod(R)) of mod(R) is
de'ned to be the intersection
rad∞R =
∞⋂
j=1
radj(mod(R))
of all powers radj(mod(R)); j¿ 1, of the radical radR of mod(R) (see [3, p. 179]).
Following SkowroLnski [40] we call an artin algebra R loop-1nite, if the abelian
subgroup rad∞R (X; X ) of the Jacobson radical radR(X; X ) of the endomorphism ring
EndR(X ) is zero for all indecomposable modules X in mod(R).
The class of loop-'nite artin algebras is rather large, because according to [40,
Section 6] it contains tame tilted algebras, tubular algebras [29] and multicoil algebras
[2].
One of the main results of this section is the following embedding theorem an-
nounced in [37, p. 605].
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Theorem 2.1. Suppose that R is an artin algebra; which is loop-1nite and of in1nite
representation type. Then there exists a full and faithful additive functor
T : mod
(
F FNG
0 G
)
→ mod(R); (2.1)
where F and G are division algebras; FNG is an F-G-bimodule such that
(dim FN ) · (dimNG) = 4 and the hereditary ring
N =
(
F FNG
0 G
)
(2.2)
is an artin algebra.
Proof. By SkowroLnski [39; Theorem 4:5]; there exists a two-sided ideal A of R such
that the algebra B = R=A is tame concealed (see [29; p. 192]). It follows that the
regular part RegB of the Auslander–Reiten quiver (mod(B)) of B consists of tubes
(see [29]).
We shall apply now the idea used in the proof of Theorem A in [41, p. 651–652; 25].
Assume 'rst that all tubes in the Auslander–Reiten quiver  (mod(B)) are of rank
one (see [29]). It follows from [25, Proposition 4:1] and the proof [41, p. 652] that
there exist a hereditary tame artin algebra N of the form (2.2) and an equivalence of
categories mod(B) ∼= mod(N ), where F , G and FNG are as in our theorem. Hence
the theorem follows in this case.
Assume now that the Auslander–Reiten quiver (mod(B)) contains a tube of rank
greater than one. It follows from [29, p. 192] that the number of such tubes is 'nite.
Let T1; : : : ;Tm be all tubes all of rank greater than one in (mod(B)), and let rj¿ 2
denote the rank of Tj. For each j∈{1; : : : ; m} 'x a sectional path
Y ( j)1 → Y ( j)2 → · · · → Y ( j)rj−1 → Y ( j)rj
in the tube Tj with Y
( j)
rj lying in the mouth of Tj. Consider the module
Y =
m⊕
j=1
rj⊕
t=1
Y ( j)t ;
and note that the projective dimension of Y is at most one. It was shown in [41, p.
653] that Y is a partial tilting module.
Denote by Y⊥ the right perpendicular subcategory of mod(B) to Y in the sense of
[14], that is, the full exact subcategory of mod(B) formed by all modules X in mod(B)
such that HomB(Y; X )=0 and Ext1B(Y; X )=0. By applying the arguments given in [41,
p. 652; 25] one can show that there exist a hereditary tame artin algebra
(F
0
FFNG
G
)
and an equivalence of categories
Y⊥ ∼= mod
(
F FNG
0 G
)
;
where F; G and FNG are as in our theorem. Since the embedding Y⊥ ,→ mod(B) is
a full faithful and exact functor, it induces the embedding T required in (2.1) of the
theorem. The proof is complete.
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Corollary 2.2. Suppose that K is an algebraically closed 1eld and R is a 1nite di-
mensional K-algebra. If R is loop-1nite and of in1nite representation type then there
exists a full and faithful K-linear functor T : mod2(K)→ mod(R); where 2(K) is
the Kronecker K-algebra.
Proof. By Theorem 2.1; there exist a hereditary 'nite dimensional K-algebra N of
the form (2.2) and a full and faithful K-linear functor T : mod(N ) → mod(R); where
F and G are 'nite dimensional division K-algebras and FNG is a 'nite dimensional
F-G-bimodule such that (dim F N )·(dimNG)=4. Since K is algebraically closed and K
acts centrally on F; G and FNG then F ∼= G ∼= K and there is a bimodule isomorphism
FNG ∼=KK2K along the ring isomorphisms F ∼= K and G ∼= K . Consequently; the
K-algebra N is isomorphic with the Kronecker K-algebra 2(K) and the corollary
follows.
3. Strongly simply connected algebras over an algebraically closed eld
Throughout this section K is an algebraically closed 'eld and R is a 'nite di-
mensional basic K-algebra. It is well-known that R has the form R ∼= KQ=I , where
Q = (Q0; Q1) is a 'nite quiver with a set of vertices Q0 and a set of arrows Q1, and
I ⊂ KQ is an admissible relation ideal of the path K-algebra KQ of Q (see [3;34,
Chapter 14]).
Assume that R = KQ=I and Q0 = {1; 2; : : : ; n}. Then R = e1R ⊕ · · · ⊕ enR, where
{e1; : : : ; en} is the complete set of standard primitive idempotents de'ned by the vertices
1; 2; : : : ; n of Q. We recall from [29] that the Cartan matrix of R is de'ned to be the
n by n matrix CR = [cij]∈Mn(Z), where cji = dimK eiRej. Given a right R-module X
in mod(R), the vector
dimX = (dimK Xe1; : : : ; dimK Xen)∈Zn
is said to be the dimension vector of X (see [29]).
The algebra R=KQ=I is de'ned to be strongly simply connected if the quiver Q has
no oriented cycles and for any convex subquiver Q′ of Q, the path algebra R′=KQ′=I ′
de'ned by Q′ and the restriction I ′ of I to KQ′ has the 'rst Hochschild cohomology
group H 1(R′)=H 1(R′; R′) equal to zero, or equivalently, every such an algebra R′ has
the separation property (see [38, Theorem 4:1]).
Assume that R=KQ=I is strongly simply connected and Q0 ={1; 2; : : : ; n}. It follows
that the global dimension of R is 'nite, n is the number of non-isomorphic simple
R-modules and the Cartan matrix CR of R is invertible in the ring Mn(Z) of all n by
n matrices with coeIcients in Z, the ring of integers (see [3,29]). Let
qR :Zn → Z (3.1)
be the Tits quadratic form of R, that is, the integral quadratic form de'ned by the
formula qR(x) = x(C trR )
−1xtr , where tr means the matrix transpose (see [4,29]).
Our main result of this section is the following analogue of the main results in [15
–17,24],(compare with [23, Corollary 3:5]).
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Theorem 3.1. Suppose that K is an algebraically closed 1eld and R is a basic strongly
simply connected 1nite dimensional K-algebra. Let n = |Q0| be the number of non-
isomorphic simple R-modules and let qR :Zn → Z be the integral quadratic Tits form
(3:1) of R. The following conditions are equivalent:
(a) The algebra R is of in1nite representation type.
(b) There exists a non-zero vector v∈Nn such qR(v) = 0.
(c) There exists an indecomposable module X in mod(R) such that qR(dimX ) = 0;
where dimX ∈Nn is the dimension vector of X .
(d) There exists a full faithful exact K-linear functor T : mod2(K) → mod(R);
where 2(K) is the Kronecker K-algebra (see (1:2)).
Proof. Since the 'eld K is algebraically closed and R is a 'nite dimensional basic
K-algebra; there is a 'nite quiver Q = (Q0; Q1) and an admissible ideal I of KQ such
that R ∼= KQ=I (see [3]). Without loss of generality we may assume that R=KQ=I and
Q0 = {1; 2; : : : ; n}. Throughout we identify Zn with ZQ0 .
Since R is strongly simply connected, it follows from a result of Bongartz in [5]
that there exists a preprojective component in the Auslander–Reiten quiver (mod(R))
of the category mod(R). Hence, by Bongartz [4], the condition (a) is equivalent to the
following one:
(a1) The Tits quadratic form qR of R is not weakly positive, that is, there exists a
non-zero vector v∈Nn such qR(v)6 0, where N= {0; 1; 2; 3; : : :}.
Moreover, according to [4,5,29], (see also [23]), the algebra R is of 'nite repre-
sentation type if and only if qR(dimX ) = 1 for every indecomposable module X in
mod(R), where dimX is the dimension vector of X .
As a consequence the implications (b)⇒ (a) and (c)⇒ (a) follow.
(a)⇒ (b) Since the statement (a) implies (a1) and qR is an integral quadratic form,
there exists a subset J ⊆ Q0 = {1; 2; : : : ; n} of cardinality greater than one such that
the restriction qJR :ZJ → Z of qR :Zn → Z to ZJ ⊆ ZQ0 = Zn is not weakly pos-
itive and the quadratic form qLR :ZL → Z is weakly positive for any proper subset
L of J .
We recall that given y= (yj) j∈J∈ZJ we set qJR(y) = qR(yˆ), where yˆ= (yˆ 1; : : : ; yˆ n)∈
Zn is de'ned by the formulas yˆj = yj for j∈ J and yˆ t = 0 for t ∈ J .
By the choice of J , the quadratic form qJR is critical in the sense of [28,29], and
according to a theorem of Ovsienko [28] (see also [29, p. 2]) there exists a non-zero
vector y∈NJ such that qJR(y)= 0. If we take v= yˆ we get qR(v)= qJR(y)= 0 and (b)
follows.
Now we prove that (a) implies (d) and (c). Assume that the algebra R is of
in'nite representation type. By our assumption, the algebra R = KQ=I is strongly
simply connected and therefore the quiver Q has no oriented cycles. Since R is
representation-in'nite, it follows that there exists a subquiver Q′ of Q such that the
K-algebra R′ = KQ′=I ′ with I ′ = KQ′ ∩ I , has the following properties (see [22,29,
p. 197]):
(i) R′ is strongly simply connected and of in'nite representation type,
(ii) R′ ∼= R=Re R, where e =1 is a non-zero idempotent of R,
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(iii) the quotient algebra R′=R′)R′ is of 'nite representation type for any idempotent
)∈R′ \ {0; 1}.
By Bongartz [5], there exists a preprojective component PR′ in (mod(R′)) and a
preinjective component QR′ in (mod(R′)), because R′ is strongly simply connected.
It follows that R′ is critical in the sense of Bongartz [6], or minimal in the sense of
Happel–Vossieck [22] and Ringel [29, p. 197]. By Happel and Vossieck [22, Theorem
2], either there is a K-algebra isomorphism
R′ ∼=
(
K Km
0 K
)
;
for some m¿ 2, or else R′ is a tame concealed algebra. In the second case the
Auslander–Reiten quiver of mod(R′) has a disjoint union form
(mod(R′)) =PR′ ∨RegR′ ∨ QR′
and the regular part RegR′ of (mod(R′)) consists of tubes (see [29]).
Now we shall prove (d). If R′ is tame concealed it is loop 'nite. Then Corollary 2.2
applies and consequently there exists a full faithful exact K-linear functor
T ′: mod2(K)→ mod(R′): (3.2)
In case
R′ ∼=
(
K Km
0 K
)
;
for some m¿ 2, the existence of such an embedding (3.2) is obvious. Since a canonical
K-algebra surjection R→ R′ induces a fully faithful exact embedding T ′′ : mod(R′)→
mod(R), the composite functor T = T ′′ ◦ T ′ is an embedding required in (d). This
'nishes the proof of (a)⇒ (d).
Now we shall prove that there exists an indecomposable module X in mod(R′) such
that qR′(dimX ) = 0. In case
R′ ∼=
(
K Km
0 K
)
;
for some m¿ 2, we take for X an R′-module with dimX = (1; 1) (see [29, Section
3:6]). In case R′ is tame concealed, the existence of such a regular R′-module X in a
rank one tube of (mod(R′)) is a consequence of [29, Section 4:3].
Consequently, if we view the R′-module X as an R-module via a canonical K-algebra
epimorphism R→ R′ we get dimX ∈ZQ′0 ⊆ ZQ0 =Zn and qR(dimX )=qR′(dimX )=0.
This 'nishes the proof of the implication (a)⇒ (c).
Since the Kronecker algebra 2(K) is of in'nite representation type (see [3,29,34]),
the implication (d)⇒ (a) follows and the proof of the theorem is complete.
4. Proof of Theorem 1.2
(a) ⇒ (b) If R is a loop-'nite algebra, the statement (b) follows from (a) in view
of Corollary 2:2. In case R is strongly simply connected we apply Theorem 3.1.
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(b) ⇒ (c) Let U , V be a pair of modules in mod(R) such that EndR(U ) ∼= K ,
EndR(V ) ∼= K , HomR(U; V ) = 0, HomR(V;U ) = 0 and dimK Ext1R(U; V )¿ 2. Consider
the extension subcategory [EXT(U; V ) of Mod(R), that is, the full subcategory of
Mod(R) formed by all R-modules Z that occur as a middle term of an exact sequence
0→ Z2 → Z → Z1 → 0
in Mod(R), where Z1 is a direct sum of copies of the module U and Z2 is a direct sum
copies of V . It follows from [17, Theorem 3.1; 36, Theorem 3.1; 37, Theorem 3:12]
that there exists a full faithful exact K-linear functor TU;V : Mod2(K) → Mod(R)
such that Im TU;V = [EXT(U; V ) and TU;V carries 'nite dimensional modules to 'nite
dimensional ones. Hence (c) follows.
(c)⇒ (d) It follows from [18, Corollary 1:3] that for every K-algebra A there exists a
module Y in Mod2(K) and a K-algebra isomorphism A ∼= End2(K)(Y ). On the other
hand, by our assumption (c), there exists a full faithful and exact K-linear functor
T : Mod2(K) → Mod(R). This yields K-algebra isomorphisms A ∼= End2(K)(Y ) ∼=
EndR(X ), where X = T (Y ) and (d) follows.
(d) ⇒ (a) Assume to the contrary that R is of 'nite representation type. It follows
from [31–33] that every module X in Mod(R) is a direct sum of 'nitely generated
modules. Then according to [26] the endomorphism algebra EndR(X ) of any R-module
X is F-semiperfect, that is, EndR(X )=J (EndR(X )) is a von Neumann regular ring and
idempotents can be lifted modulo the Jacobson radical J (EndR(X )) of EndR(X ). This
contradicts the statement (d) and 'nishes the proof of Theorem 1.2.
5. Concluding remarks
Assume that K is an algebraically closed 'eld. We recall from [12] that a 'nite
dimensional K-algebra R is of wild representation type if there exists a K-linear repre-
sentation embedding functor T : mod3(K)→ mod(R), that is, an exact functor T that
carries indecomposable 3(K)-modules to indecomposable ones, and non-isomorphic
3(K)-modules to non-isomorphic ones, where
3(K) =
(
K K3
0 K
)
:
If, in addition, the functor T is full and faithful, we call R of fully wild representation
type, or of strictly wild representation type (see [12; 35]). We recall that Ringel [30]
has introduced also Wild algebras, where the capital “W” in Wild refers to wildness
with respect to arbitrary modules which are not necessarily 'nite dimensional.
In a connection with Problem 1:1 we recall that if R is a K-algebra of fully wild
representation type, then for every 'nite dimensional K-algebra B there exists a fully
faithful exact K-linear functor F : mod(B)→ mod(R) (see [34, Proposition 14:10; 35]).
It follows that R is endo-wild in the following sense.
Denition 5.1. A 'nite dimensional K-algebra R is Endo-Wild (resp. endo-wild) if for
every K-algebra B (resp. for every 'nite dimensional K-algebra B) there exists a right
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R-module X (resp. a right R-module X of 'nite length) and a K-algebra isomorphism
B ∼= EndR(X ).
Note that the de'nition is right-left symmetric. By Theorem 1.2, every representation-
in'nite K-algebra that is loop-'nite or strongly simply connected is Endo-Wild.
It is clear that every Endo-Wild algebra R is of Corner’s type in the sense that
for every K-algebra B there exists a right R-module X and a nilpotent ideal A of
EndR(X ) such that B ∼= EndR(X )=A (see [7]). The following two problems seem to us
interesting.
Problem 5.2. Find all 'nite dimensional K-algebras R for which R is of fully wild
representation type if and only if R is endo-wild.
Problem 5.3. Find all 'nite dimensional K-algebras R for which R is of wild repre-
sentation type if and only if R is of Corner’s type.
The above problems were studied recently by Han in [19–21] in a connection with
controlled wild algebras in the sense of [19].
The endo-wild algebras appear also in the study of the representation type of the
categories B(T; m)p of isomorphism at p of 'nite rank Butler groups (see [1, Section
4:3]). In this case, sometimes the endo-wildness is viewed as a substitute of wild
representation type.
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